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Abstract
An edge subset S of a connected graph G is a k-restricted edge cut if G − S is disconnected, and
every component of G− S has at least k vertices. The k-restricted edge connectivity is the cardinality
of a minimum k-restricted edge cut. In this note, we show that except for a well-deﬁned class of
graphs, k-restricted edge cuts of a connected graph G exist for any k(G) + 1, where (G) is the
minimum degree of G. Furthermore, we obtain an upper bound for k-restricted edge connectivity.
© 2005 Published by Elsevier B.V.
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1. Introduction
A network is often modelled by a graph G = (V ,E) with the vertices representing
nodes such as processors or stations, and the edges representing links between the nodes.
A well-known model [3] is a network in which nodes are reliable while links may fail
independently with the same probability  ∈ (0, 1). One measure of the network reliability
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is the probability P(G, ) of G being disconnected:
P(G, ) =
|E|∑
i=(G)
mi(G)
i (1 − )m−i ,
where mi(G) is the number of edge cuts of size i and (G) is the edge connectivity of G.
Clearly, the smallerP(G, ) is, themore reliable the network is. But in general, to determine
P(G, ) is difﬁcult [3,11].
Throughout the note, we assume the graphs considered are simple. Denote by (n, e)
the set of graphs with n vertices and e edges. To minimize P(G, ) in (n, e) when  is
sufﬁciently small, the edge connectivity plays an important role. In fact, Bauer et al. [1]
showed that for G1,G2 ∈ (n, e), if (G1)> (G2), then P(G1, )<P (G2, ) when  is
sufﬁciently small. So in network design, we expect (G) to be as large as possible. It is well
known that (G)(G) holds for any graph G, where (G) is the minimum degree of G.
So, the graph G with (G)=(G) is naturally named as an optimally edge connected graph
(or simply, an optimally- graph). For further study, Esfahanian and Hakimi proposed the
concept of restricted edge connectivity in [4]. In a connected graphG, an edge subset S ⊂ E
is said to be a restricted edge cut if G−S is disconnected and each component in G−S has
at least two vertices. The cardinality of the minimum restricted edge cut, denoted as ′(G),
is called the restricted edge connectivity of G. Esfahanian and Hakimi proved the existence
of restricted edge cuts and upper bound for the restricted edge connectivity:
Theorem A (Esfahanian and Hakimi [4]). For any connected graph G with at least four
vertices which is not isomorphic to the star K1,n−1, ′(G) is well deﬁned. Furthermore,
′(G)(G) where (G) = min{d(x) + d(y) − 2 : (x, y) ∈ E(G)} is the minimum edge
degree of X.
It is shown by Wang and Li [13] that for G1,G2 ∈ (n, e) with (G1) = (G2), if
′(G1)> ′(G2), then P(G1, )<P (G2, ) when  is sufﬁciently small. So in network
design, ′(G) is expected to be as large as possible. The graph G with (G) = (G) and
′(G)=(G) is called an optimally-′ graph. In [5], Fàbrega and Foil proposed the concept
of k-restricted edge connectivity.
Deﬁnition 1. Let G= (V ,E) be a connected graph, and S be an edge subset of G. If G−S
is disconnected and each component in G − S has at least k vertices, then S is said to be
a k-restricted edge cut. The cardinality of the minimum k-restricted edge cut, denoted as
(k)(G), is called the k-restricted edge connectivity of G.
Clearly, (1)(G) = (G) and (2)(G) = ′(G). In view of current studies on k-restricted
edge connectivity [6,8–10,12–15], it seems that the larger (k)(G) is, the more reliable the
network is. To maximize (k)(G), one has to derive an upper bound for (k)(G) ﬁrst.
For X, Y ⊆ V (G), let [X, Y ] be the set of edges with one end in X and the other end in
Y. Then [X,V \X] is an edge cut of G. Denote (X) = |[X,V \X]|. Let
k(G) = min{(X) : |X| = k,G[X] is connected},
where G[X] denotes the subgraph of G induced by X.
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Clearly, 1(G) = (G) and 2(G) = (G). So, the above upper bounds for (G) and
′(G) are exactly (1)(G)1(G) and (2)(G)2(G). It is shown in [2,12] that except
for a special class of graphs which is named as ‘ﬂowers’, 3-restricted edge cuts exist for any
connected graph G with order at least 6, and (3)(G)3(G). In his doctoral dissertation,
Ou [10] showed that except for the ‘ﬂowers’, a graph with order at least 3k − 2 has k-
restricted edge cuts, he also showed that if a connected graph G with order at least 11 has
4-restricted edge cuts, then (4)(G)4(G). For a regular connected graph G with order at
least 2k, Ou [10] showed that if G has k-restricted edge cuts and the girth of G is greater
than k/2+1, then (k)(G)k(G). In view of these results, it may be guessed that k(G) is
always an upper bound for (k)(G). But this is not true, which can be seen from the example
at the end of this note.
The main result in this note is that except for a well-deﬁned class of graphs, for any
k(G)+ 1, k-restricted edge cuts exist and (k)(G)k(G). Furthermore, the restriction
on k is best possible. In particular, the result of Esfahanian and Hamiki (Theorem A) is a
consequence of our result.
It should be noted that (k)(G) exists for any 2-connected graphG and any positive integer
k|V (G)|/2. This follows from a result of Lovász ([7, Exercise 6.8 (a)]). Furthermore,
since Lovász’s proof is algorithmic, one k-restricted edge cut can be found in polynomial
time for a 2-connected graph. But for a graph with connectivity 1, the ﬁrst part of our results
is independent of the above result.
2. Main result
Let G1, . . . ,Gn be n copies of Kt . We add a new vertex u and let u be adjacent to every
vertex in V (Gi), i =1, . . . , n. The resulting graph is denoted by G∗n,t . It can be veriﬁed that
G∗n,t has no ((G∗n,t )+1)-restricted edge cuts.We will show that G∗n,t is the only exception
for the existence of k-restricted edge cuts of a connected graph G when k(G) + 1.
Theorem 1. Let G be a connected graph with order at least 2((G) + 1) which is not
isomorphic to any G∗n,t with t = (G). Then for any k(G) + 1, G has k-restricted edge
cuts and (k)(G)k(G).
Proof. Suppose thatG is a connected graphwith order at least 2((G)+1). Suppose further
that there is a certain k(G)+ 1 such that either G has no k-restricted edge cuts or G has
k-restricted edge cuts but (k)(G)> k(G). We only need to show that G is isomorphic to
G∗
n,(G) for some n.
Let X ⊂ V (G) with |X| = k be such that (X) = k(G). Let G1,G2, . . . ,Gm be the
components of G − X. Write Xi = V (Gi) for 1 im, and suppose, without loss of
generality, that
(X1)(X2) · · · (Xm). (1)
Denote by Y1 the set of vertices in V \X1 which are adjacent to some vertices in X1. Then
Y1 ⊆ X.
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If some Gi has at least k vertices, then [Xi, V \Xi] ⊆ [X,V \X] is a k-restricted edge cut
and (k)(G)k(G). This contradicts our assumption. So, 1 |Xi |k−1 for all 1 im.
If m= 1, then |V (G)| = |X| + |X1|2k − 1. This contradicts our assumption on the order
of G. Hence, m2.
Since
(X1) = |[X1, Y1]| |X1| · |Y1|, (2)
and
(X1) =
∑
x∈X1
dG(x) − 2(G1)
(G)|X1| − |X1|(|X1| − 1)
= |X1|((G) − |X1| + 1) |X1|(k − |X1|), (3)
where dG(x) denotes the degree of x in G and (G1) denotes the number of edges of G1,
we can see that
|Y1|k − |X1|.
Let r=k−|X1|. For every subsetK ⊆ Y1 with |K|=r ,G[X1∪K] is clearly a connected
subgraph of G with |X1 ∪ K| = k, and thus
(X1 ∪ K)k(G) = (X). (4)
We observe that
(X1 ∪ K) = (X1) − |[X1,K]| + |[K,X\K]| +
∑
2 im
|[Xi,K]|. (5)
Taking the mean value for both sides of the above equation with K running over all subsets
of Y1 with |K| = r , we get
M = (X1) − r|Y1| |[Y1, X1]| +
( |Y1|
r
)−1 ∑
K⊆Y1, |K|=r
|[K,X\K]|
+ r|Y1|
m∑
i=2
|[Y1, Xi]|, (6)
where
M =
( |Y1|
r
)−1 ∑
K⊆Y1, |K|=r
(X1 ∪ K). (7)
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For example, the second term in the right-hand side of equality (6) can be calculated as
follows:∑
K⊆Y1,|K|=r
|[X1,K]| =
∑
K⊆Y1|K|=r
∑
x∈K
|[X1, x]| =
∑
x∈Y1
∑
K⊆Y1, |K|=r
x∈K
|[X1, x]|
=
∑
x∈Y1
|[X1, x]|
( |Y1| − 1
r − 1
)
= |[X1, Y1]| ·
( |Y1| − 1
r − 1
)
.
Combining this with the fact that there are
( |Y1|
r
)
such K’s in Y1, the second term follows.
By noting that
|[K,X\K]|r(k − r)
holds for any K ⊆ Y1 with |K| = r , and
|[Y1, X1]| = |[X,X1]| = (X1),
|[Y1, Xi]| |[X,Xi]| = (Xi), 1 im,
it follows from Eq. (6) that
M |Y1| − r|Y1| (X1) + r(k − r) +
r
|Y1|
m∑
i=2
(Xi). (8)
By inequality (4) and equality (7), we deduce
M(X) =
m∑
i=1
(Xi). (9)
Combining inequalities (8) and (9), we get
|Y1| − r
|Y1|
m∑
i=2
(Xi) + r|Y1|(X1)r(k − r).
Hence, under Assumption (1), we must have
(r + (m − 1)(|Y1| − r))(X1) |Y1|r(k − r). (10)
By inequality (3), (X1)r(k − r), and thus
(m − 2)(|Y1| − r)0.
But this inequality holds onlywhen |Y1|=r orm=2, and so the equality (m−2)(|Y1|−r)=0
must hold. This means that all inequalities in the above deduction hold with equalities. In
particular, we have the following properties:
(i) k = (G) + 1;
(ii) G1 is complete, and every vertex in X1 is adjacent to every vertex in Y1;
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(iii) |Y1| = k − |X1| = r , and |[Y1, X\Y1]| = r(k − r), which further implies that every
vertex in Y1 is adjacent to every vertex in X\Y1;
(iv) [Y1, Xi] = [X,Xi] for 1 im;
(v) (Xi) = (X1) for 1 im.
Now let Yi be the set of vertices in V \Xi which are adjacent to some vertices in Xi . By
property (v), the above deduction is still valid by replacingX1 withXi , 2 im. This leads
to the following three properties.
(vi) Each Gi is complete.
(vii) Every vertex in Xi is adjacent to every vertex in Yi .
(viii) [Yi,Xj ] = [X,Xj ] for 1 i, jm.
Combining properties (iii), (v) and (viii), we further have
(ix) Yi = Y1 and |Xi | = |X1| = k − r for 1 im, and every vertex in Y1 is adjacent to
every vertex in V \Y1.
If |Y1|2, let y be a vertex in Y1 and x be a vertex in X1. Set Z = (X∪ {x})\{y}. Clearly,
G[Z] is a connected subgraph of G with order k, and G[V \Z] is a connected subgraph of
G with order at least k. But this implies that [Z,V \Z] is a k-restricted edge cut of G and
(k)(G)k(G), contradicting our assumption. So, |Y1| = 1.
Let y be the only vertex in Y1. For any vertex x ∈ X\{y},
(G)dG(x) = 1 + |[x,X\{x, y}]|1 + (k − 2) = (G).
This implies every x ∈ X is adjacent to every other vertex in X\{x}. Hence, G[X] must be
a complete subgraph of G. Now, it is easy to see that GG∗
n,(G). The result follows. 
In particular, when k = 2, the only exception for the existence of 2-restricted edge cuts
is the star K1,n, which is exactly the result of Esfahanian and Hamiki (Theorem A).
The theorem is best possible in the following sense. For k5, there exists a (k − 2)-
connected graph G with (G) = k − 2 and (k)(G)> k(G). We construct the graph in the
following. Let GiKk−2 (i = 1, 2) and G3Kk . The graph G is obtained by joining each
Gi (i = 1, 2) to G3 with a matching of size k − 2. Clearly, G has minimum degree k − 2,
and k(G)2(k − 2). We show (k)(G)> 2(k − 2) in the following.
Denote Vi = V (Gi). Let S ⊂ V satisfying: (i) [S, V \S] is a k-restricted edge cut, and
(ii) (S) = (k)(G). Then |S|k and S ∩ V3 is a non-empty proper subset of V3, since
[S, V \S] is a k-restricted edge cut. Write ai = |S ∩ Vi |, i = 1, 2, 3, and suppose a1a2.
Then 0a1a2k − 2 and 1a3k − 1. We distinguish three cases.
Case 1: 1a1a2k − 3. Then
(S)a1(k − 2 − a1) + a2(k − 2 − a2) + a3(k − a3)
(k − 3) + (k − 3) + (k − 1)
> 2(k − 2).
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Case 2: a1 = 0. Then a21. If a2 = k − 2, then 2a3k − 2. There are at least a3 − 2
edges of [S, V \S] between G1 and G3, and at least k − 2 − a3 edges of [S, V \S] between
G2 and G3. Hence,
(S)(a3 − 2) + (k − 2 − a3) + a3(k − a3)
1 + 2(k − 2).
If a2k − 3, then 3a3k − 1. Thus,
(S)(a3 − 2) + a2(k − 2 − a2) + a3(k − a3)
1 + (k − 3) + (k − 1)
> 2(k − 2).
Case 3: a2 = k − 2. This case is implied in Case 2, since V \S will play a same role as S.
Hence, in this case, we also have (S)> 2(k − 2).
We conclude that G is a connected graph with (G) = k − 2 and (k)(G)> k(G).
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